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Cognitive diagnosis models (CDMs) are restricted latent class mod-
els widely used to measure attributes of interest in diagnostic assessments
across education, psychology, biomedical sciences, and related fields. Partial-
mastery CDMs (PM-CDMs) are an important extension of CDMs. They
model individuals’ status for each attribute as continuous to measure partial
mastery levels, thereby relaxing the restrictive discrete-attribute assumption
of classical CDMs. As a result, PM-CDMs often yield better fits to real-world
data and more refined measurements of the substantive attributes of interest.
However, these models inherit strong parametric assumptions from traditional
CDMs about item response functions and thus still face a significant risk
of model misspecification. This paper proposes a generalized additive PM-
CDM (GaPM-CDM) that substantially relaxes the parametric assumptions of
PM-CDMs. This proposal leverages model parsimony and interpretability by
modeling each item response function as a mixture of nonparametric mono-
tone functions of attributes. A method for estimating GaPM-CDM is devel-
oped that combines the marginal maximum likelihood estimator with a sieve
approximation of the nonparametric functions. The new model is applicable
in both confirmatory and exploratory settings, depending on whether prior
knowledge of the relationship between observed variables and attributes is
available. The proposed method is evaluated and compared with PM-CDMs
through extensive simulation studies and further applied to two measurement
problems from educational testing and healthcare research, respectively.

1. Introduction. Diagnostic assessments are commonly used in education, psychology,
biomedical science, and related fields to identify individuals’ attribute profiles based on their
observed responses to assessment items. An attribute refers to an individual’s latent dimen-
sion, such as a problem-solving skill, a knowledge component, a personality trait, or a men-
tal health disorder. An attribute profile typically involves multiple attributes that are likely
correlated. Measuring attribute profiles is a nontrivial task, due to the potentially complex
relationships between attributes and items as well as the dependence between attributes.

Cognitive diagnostic models (CDMs), with roots in the rule-space model (Tatsuoka
(1983)) and latent class analysis (Lazarsfeld and Henry (1968)), have been proposed to tackle
the measurement challenge with diagnostic assessments. Various CDMs have been devel-
oped under different assumptions about the cognitive process or characteristics of the latent
attributes (e.g., Junker and Sijtsma (2001), von Davier (2008), Henson, Templin and Willse
(2009), de la Torre (2011), Chen and de la Torre (2013), Zhan, Wang and Li (2020), Ma
(2022)); see Rupp, Templin and Henson (2010) and von Davier and Lee (2019) for a com-
prehensive review. The attributes in the traditional CDMs are assumed to be discrete. Early
developments of CDMs typically consider binary attributes under which an individual ei-
ther fully masters or does not master an attribute. In subsequent developments of CDMs, the
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binary-attribute assumption has been relaxed in several models. These models allow each at-
tribute to have a small number of ordered levels, which, however, still may not be sufficient
to support fine-grained inference on individuals’ partial mastery levels on attributes. To fill
this gap, Shang, Erosheva and Xu (2021) proposed a flexible family of partial-mastery CDMs
(PM-CDMs), which assumes the attributes to be continuous rather than discrete. More specif-
ically, an individual is assumed to have a set of continuous partial mastery scores between
0 and 1 that measure their mastery level for each attribute, where a larger score represents
a higher level of partial mastery, and the extreme scores of zero and one represent com-
plete nonmastery and mastery, respectively. It was found in Shang, Erosheva and Xu (2021)
that the use of continuous partial-mastery scores tends to yield better fits for real-world data
than classical CDMs and refined measurement of the substantive attributes of interest. Tech-
nically, the PM-CDMs are developed by combining parametric assumptions of traditional
CDMs with modeling techniques from the grade-of-membership model (Erosheva (2002)),
also known as the mixed-membership model (Airoldi et al. (2014)), a general family of mod-
els that have been widely used to model complex multivariate data in computer sciences,
social surveys, genetics, among other fields (see, e.g., Blei, Ng and Jordan (2003), Erosheva,
Fienberg and Joutard (2007), Airoldi et al. (2008)). By assuming the mastery level to be con-
tinuous, PM-CDMs also establish a link between CDMs and multidimensional item response
theory (IRT) models (see, e.g., Chen et al. (2025), for a review), a general family of latent
variable models tailored for analyzing item response data.

Although the PM-CDMs have demonstrated significant advantages, they remain con-
strained by inheriting relatively strong parametric assumptions from classical CDMs about
the item response functions (IRFs), that is, the conditional distributions of the manifest vari-
ables given the partial mastery scores. To mitigate this restriction, Shang, Erosheva and Xu
(2021) gave multiple options for the parametric IRFs. However, selecting the IRF is a model
selection problem that can be challenging for practitioners, especially when different items
are allowed to have different parametric forms for the IRF. On the other hand, it has long been
observed in the IRT literature that conventional parametric families sometimes fail to capture
patterns in many real-world item response data, and nonparametric and semiparametric IRT
models have been proposed as a remedy (Ramsay (1988), Ramsay and Winsberg (1991),
Sijtsma and Molenaar (2002)). However, all the existing nonparametric and semiparametric
IRT models are unidimensional, in the sense that only one-dimensional latent trait/attribute
is modeled. Extending them to the multidimensional setting of PM-CDMs is the focus of this
paper. Such an extension is not straightforward, as we discuss in the sequel.

This paper proposes a Generalized Additive Partial-Mastery CDM (GaPM-CDM) as a
semiparametric PM-CDM. Instead of a fully nonparametric multivariate function, the new
model is kept parsimonious by assuming each IRF to have a semiparametric generalized ad-
ditive form, similar to the generalized additive model used in regression analysis (Hastie and
Tibshirani (1990)). More specifically, each IRF is assumed to be a mixture of nonparamet-
ric monotone functions of the partial mastery scores of attributes with nonnegative mixture
weights. Both the monotonicity assumption and the nonnegative weights are important for in-
terpreting the IRFs. The former captures the monotone relationship between an attribute and
an item, conditioning on the rest of the attributes. Similar monotone assumptions are imposed
in parametric CDMs (Henson, Templin and Willse (2009), Fang, Liu and Ying (2019), Shang,
Erosheva and Xu (2021)) as well as IRT models (e.g., Ramsay (1988), Ramsay and Winsberg
(1991)). The nonnegative weights of an item capture the contributions of the attributes to
the response, generalizing the concept of Q-matrix in classical CDMs. Specifically, a zero
weight indicates the conditional independence between the corresponding attribute and item
response, given the remaining attributes. The use of the nonnegative weights also allows us
to apply the GaPM-CDM in an exploratory setting when the item-attribute relationship, that
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is, the Q-matrix, is unknown, while Shang, Erosheva and Xu (2021) only considered a con-
firmatory setting with a known Q-matrix. The proposed model is also a multidimensional
extension of the semiparametric IRT model proposed in Ramsay and Winsberg (1991).

To estimate the GaPM-CDM, we propose a sieve marginal maximum likelihood estimator
that combines the “method of sieves” (Shen (1997)) for infinite-dimensional nonparamet-
ric functions with the standard marginal maximum likelihood estimator for latent variable
models (Skrondal and Rabe-Hesketh (2004), Bartholomew, Knott and Moustaki (2011)). In
particular, we use piecewise linear functions to approximate the monotone IRFs. To handle
the computational challenge posed by the integrals with respect to the latent variables (i.e.,
attributes) in the marginal likelihood, a computationally efficient Markov chain Monte Carlo
stochastic-approximation (MCMC-SA) algorithm (Robbins and Monro (1951), Gu and Kong
(1998), Zhang and Chen (2022)) is developed. This algorithm iteratively constructs stochastic
gradients of the marginal log-likelihood by sampling the latent variables with a Markov chain
Monte Carlo (MCMC) sampler and then updates the unknown parameters using these gradi-
ents. The proposed model is validated via extensive simulation studies and further applied to
two real-world datasets.

The rest of the paper is organized as follows. Section 2 introduces two case studies, moti-
vating an extension of PM-CDMs robust to misspecifications in both the parametric forms of
the IRFs and the Q-matrix. Section 3 gives a brief review of PM-CDMs and then introduces
the GaPM-CDM framework and discusses the estimation of the model parameters. Section 4
presents extensive simulation studies comparing the performance of GaPM-CDM against
comparable PM-CDMs and CDMs in terms of IRF recovery and latent attribute scoring. Sec-
tion 5 presents analyses of the English test and patient-reported outcomes data sets. Section 6
concludes and provides further discussion. We also provide Supplementary Material, includ-
ing technical details of the estimation strategy, simulation studies, additional results on the
empirical applications, and theoretical results on model identifiability.

2. Motivating case studies. We present two real-world applications that motivate the
development of the GaPM-CDM. The first, drawn from educational testing, concerns a clas-
sic benchmark dataset with a predefined Q-matrix. Despite its extensive use in the literature,
our analysis uncovers new insights regarding nonlinear IRFs and potential Q-matrix misspec-
ification. The second application analyzes patient-reported outcomes from clinical healthcare
research to assess social-role performance. In this case, both the number of attributes and the
item-attribute relationships are unknown and are learned directly from the data.

2.1. English test data. The English test dataset comes from the 2003–2004 grammar sec-
tion of the Examination for the Certificate of Proficiency in English (ECPE), designed and
administered by the University of Michigan English Language Institute. The dataset contains
responses to items evaluating latent attributes related to domains of English grammar. A Q-
matrix is available based on the test design. This dataset has been previously analyzed in
Templin and Bradshaw (2014), Chiu et al. (2016) and Shang, Erosheva and Xu (2021) using
classical CDMs and PM-CDMs. Results in Section 5.1 show that the proposed model fits
this data better than traditional PM-CDMs and produces flexible and interpretable IRFs that
capture guessing and slipping behaviors common in educational testing, without affecting the
ranking of test takers on their latent abilities. Moreover, the estimated weight parameters sug-
gest potential Q-matrix misspecification for some items, further demonstrating the usefulness
of the proposed method.
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2.2. Patient-reported outcomes data. The Patient-Reported Outcomes Measurement In-
formation System (PROMIS; Cella et al. (2010)) is an interdisciplinary university consortium
initiative advocating for standardized, precise, and efficient measurement of patient-reported
symptoms. The PROMIS network collects self-reported data on physical, mental, and social
health from a representative sample of the general United States population and multiple
clinical populations. We study the module on social health, with an emphasis on social-role
performance, a hypothesized multidimensional construct that measures an individual’s ability
to engage in and participate in daily life activities (Castel et al. (2008), Hahn et al. (2010)). In
this case, both the item-attribute relationship (i.e., the Q-matrix) and the number of attributes
are unknown. Section 5.2 shows that the GaPM-CDM recovers a reasonable number of in-
terpretable attributes related to social, work, and family functioning, with improved fit over
traditional PM-CDMs.

3. A generalized additive partial-mastery CDM.

3.1. Review of PM-CDM. Following Shang, Erosheva and Xu (2021), consider a diag-
nostic setting where individuals respond to a set of J binary items, denoted by Y = (Yj :
j = 1, . . . , J )⊤ ∈ {0,1}J . The PM-CDM assumes that the distribution of the responses is de-
termined by a vector of continuous latent variables U = (Uk : k = 1, . . . ,K)⊤ ∈ [0,1]K that
indicate the partial mastery levels for K attributes of interest, where Uk = 0 and 1 denote
the lowest and highest mastery levels for attribute k, respectively. It further assumes a known
matrix Q = (qjk)J×K that characterizes the item-attribute relationship, where qjk = 1 indi-
cates that the j th item directly measures the kth attribute and qjk = 0 otherwise. We further
use 𝒒j = (qj1, . . . , qjK)⊤ to denote the j th row of Q.

A PM-CDM is a parametric model with the following structure. The observed responses
satisfy the local independence assumption, which states that item responses are inde-
pendent conditional on the latent variables. Moreover, responses are distributed Yj |U ∼
Bernoulli(πj (U)), where the probability πj (U) := ℙ(Yj = 1|U) is a parametric function of
the latent variable scores U that inherits assumptions of classical CDMs. For example, Ex-
ample 1 below gives the additive Partial-Mastery CDM (aPM-CDM), also referred to as the
partial-mastery additive CDM in Shang, Erosheva and Xu (2021), whose IRF follows from
the additive CDM (ACDM; de la Torre (2011)). This model is closely related to the GaPM-
CDM, which will be introduced in the sequel. Other parametric forms of πj (U) are given in
Shang, Erosheva and Xu (2021) based on other classical CDMs, such as the Deterministic
Input Noisy output “And” gate model (DINA; Junker and Sijtsma (2001)), the Deterministic
Input Noisy output “Or” gate model (DINO; Templin and Henson (2006)), and the general-
ized DINA model (G-DINA; de la Torre (2011)).

EXAMPLE 1. The IRF of the aPM-CDM takes a linear form,

(1) πj (U) = δj0 +
K∑︂

k=1

δjkqjkUk, j = 1, . . . , J,

where 𝜹j = (δj0, δj1, . . . , δjK)⊤ are item-specific parameters. The IRF πj (U) in (1) de-
pends on the latent attribute k when qjk = 1. For these dimensions the parameters δjk are
typically assumed to be nonnegative to impose a monotone relationship between the par-
tial mastery scores and the item response probabilities. Consequently, it is guaranteed that
πj (U) ≥ πj (Ũ), when Uk ≥ Ũk for all the relevant dimensions k, a monotone constraint
commonly assumed in PM-CDMs. Moreover, as πj (U) takes a value between 0 and 1, the
parameters are naturally subject to the constraints δj0 ≥ 0 and δj0 + ∑︁K

k=1 δjkqjk ≤ 1.
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The latent mastery scores are assumed to follow a Gaussian copula model. That is, each
Uk ∼ Uniform(0,1), and their joint cumulative distribution function is

D(U;𝝁,𝚺) = 𝚽
(︁
Φ−1(U1), . . . ,Φ

−1(UK);𝝁,𝚺
)︁
,

where Φ−1 denotes the inverse of the standard Normal cumulative distribution function, and
𝚽(·;𝝁,𝚺) is the multivariate Normal cumulative distribution function with mean vector 𝝁 ∈
ℝ

K and positive semidefinite covariance matrix 𝚺 = (σkk′)K×K . The specifications above
yield a joint distribution over the item responses Y and the latent variables U from which we
can derive the marginal likelihood function and estimate the model parameters.

3.2. Model specification of GaPM-CDM. We now propose a GaPM-CDM, which has
the same assumptions as the PM-CDMs reviewed previously, except that its IRF is assumed
to take a generalized additive form, as in Hastie and Tibshirani (1990). That is,

(2) πj (U) =
K∑︂

k=1

αjkqjkgjk(Uk), j = 1, . . . , J,

where gjk : [0,1] → [0,1] are continuous, monotone nondecreasing functions, and αjks are
the associated nonnegative weights. To ensure αjk and gjk are identifiable, we impose the
boundary conditions gjk(0) = 0 and gjk(1) = 1 and the constraint

∑︁K
k=1 αjkqjk = 1. More-

over, we set 𝝁 to be a zero vector and the diagonal entries of 𝚺 to take values of one in the
Gaussian copula model, as they cannot be identified due to the flexibility of the monotone
functions gjk . As a result, each partial-mastery score Uk now marginally follows a uniform
distribution on the interval [0,1]. We shall note that the off-diagonal entries of 𝚺 are still
estimated to learn the dependence between the attributes.

REMARK 1 (Comments on the IRF of GaPM-CDM). First, the IRF in (2) satisfies the
same monotone constraint as the aPM-CDM and many other PM-CDMs in that πj (U) ≥
πj (Ũ), when Uk ≥ Ũk for all k such that qjk = 1. Second, this IRF also enforces some bound-
ary conditions. That is, πj (U) = 0 when Uk = 0 for all k such that qjk = 1, and πj (U) = 1
when Uk = 1 for all k such that qjk = 1. That means, when an individual does not master any
of the attributes required to solve an item, they have zero chance of correctly answering it.
On the other hand, when an individual fully masters all relevant attributes, it is 100% certain
that they can correctly answer the item. Compared to the aPM-CDM and other PM-CDMs,
our IRF does not model the guessing and slipping probabilities, which are the probabilities
of correctly answering the item when an individual does not master any relevant attributes
and incorrectly answering it when the individual fully masters all the relevant attributes, re-
spectively. However, the nonparametric functions gjk can approximate near-guessing and
near-slipping behavior arbitrarily close to the boundaries of the latent attribute space (fur-
ther details in the Supplementary Material, Cárdenas-Hurtado et al. (2026)). Third, we note
that many PM-CDMs, such as the partial-mastery DINA model, model interactions among
attributes, which the IRF of the GaPM-CDM cannot fully capture. We believe it is possible
to incorporate interaction terms in a semiparametric fashion into (2). As the current model is
already complex, we leave this extension to future research; see Section 6 for further discus-
sion.

REMARK 2 (Confirmatory versus exploratory settings). When introducing the IRF for
the GaPM-CDM, we follow the confirmatory setting as in Shang, Erosheva and Xu (2021).
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However, the proposed model can also be applied under exploratory data analysis settings
when the Q-matrix is unknown. In that case, the IRF takes the form

(3) πj (U) =
K∑︂

k=1

αjkgjk(Uk), j = 1, . . . , J,

which is equivalent to setting qjk = 1 for all j and k in (2). Unlike certain multidimensional
IRT models and CDMs that have indeterminacy issues when the Q-matrix imposes no con-
straint (see, e.g., Chen, Li and Zhang (2020), Gu and Xu (2021)), the GaPM-CDM does
not seem to suffer from similar indeterminacy under the exploratory setting, as discussed in
Remark 4 and empirically verified in the simulation study in Section 4.2.

REMARK 3 (Connection to semiparametric IRT models). The proposed GaPM-CDM is
an extension of the semiparametric IRT model in Ramsay and Winsberg (1991) to a multi-
dimensional setting. In fact, it can be shown that the model in Ramsay and Winsberg (1991)
is mathematically equivalent to the proposed GaPM-CDM when the latent dimension K = 1
and qj1 = 1 for all j = 1, . . . , J .

3.3. Estimation. In what follows, we consider the estimation of GaPM-CDM, given ob-
served data from N individuals, denoted by yi = (yij : j = 1, . . . , J )⊤, i = 1, . . . ,N . To
handle the infinite-dimensional functions gjk in the model, we propose an estimator that
combines the marginal maximum likelihood estimator with a sieve approximation of the
infinite-dimensional functions in which each gjk admits an approximation gs

jk in a finite-
dimensional subspace 𝒢L. The approximation error decreases as the sieve 𝒢L ⊂ 𝒢L+1 ⊂ · · ·
becomes dense in the original infinite-dimensional parameter space (Grenander (1981), Shen
(1997)). For simplicity and interpretability, we model gs

jk through piecewise linear functions,
although other bases for monotone nondecreasing continuous functions can be accommo-
dated as well (e.g., I-Splines Ramsay (1988)).

More specifically, let 𝜿 = (κl : l = 1, . . . ,L)⊤ be a vector of fixed inner grid points such
that 0 = κ0 < κ1 < · · · < κL < κL+1 = 1, with {κ0, κL+1} fixed as boundary knots. The piece-
wise linear approximation of gjk is given by

(4) gs
jk(x; 𝜽 jk,𝜿) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

θjk,1

κ1
x if x ∈ [0, κ1),

θjk,1 + θjk,2

κ2 − κ1
(x − κ1) if x ∈ [κ1, κ2),

...(︄
L∑︂

l=1

θjk,l

)︄
+ θjk,L+1

1 − κL

(x − κL) if x ∈ [κL,1],

where 𝜽 jk = (θjk,l : l = 1, . . . ,L + 1)⊤ is a vector of unknown approximation parameters
satisfying the constraints θjk,l ≥ 0 for all l = 1, . . . ,L + 1 and

∑︁L+1
l=1 θjk,l = 1. Figure 1

shows an example of a monotone function gjk and its piecewise linear approximation gs
jk .

REMARK 4 (Identifiability). Generic identifiability (Allman, Matias and Rhodes (2009),
Gu and Xu (2020)), where model parameters are identifiable for almost all points in the
parameter space except for a subset of Lebesgue measure zero, can be established for the
GaPM-CDM with gs

jk defined in the class of nondecreasing step functions, g
step
jk . This class

approximates any gs
jk—and thus the original gjk—arbitrarily well as the grid becomes finer

(further details in Supplementary Material, Cárdenas-Hurtado et al. (2026)). We require the
following condition.
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FIG. 1. Example of a continuous monotone function gjk (solid line, ) and its sieve piecewise linear approx-

imation gs
jk (dashed line, ), evaluated on equally spaced inner knots 𝜿 = (0.2,0.4,0.6,0.8)⊤.

CONDITION 1 (Q-matrix structure). The Q-matrix is of the form Q⊤ = (Q⊤
1 ,Q⊤

2 ,

(Q′)⊤), where, for i ∈ {1,2}, Qi = (qi,jk)(KL)×K has entries qi,jk = 1 in positions (j, k)

such that j = K(c − 1) + k, with c = 1, . . . ,L, and k = 1, . . . ,K , and zero or one elsewhere.
In other words, submatrices Qi , i ∈ {1,2}, are constructed by vertically stacking K × K ma-
trices with diagonal entries being one, L times. Each column of the submatrix Q′ has at least
one nonzero entry.

PROPOSITION 1 (Informal). In confirmatory settings, if the Q-matrix satisfies Condi-
tion 1, then the parameters characterizing a sieve approximation of the IRFs in the GaPM-
CDM are generically identified. In exploratory settings a sufficient condition for generic iden-
tifiability is J ≥ 2KL + 1.

Our proof of Proposition 1 leverages a restricted latent class model (RLCM) representation
of the GaPM-CDM with IRFs approximated by piecewise constant functions (which, in turn,
can approximate monotone nondecreasing continuous functions arbitrarily well). In particu-
lar, we show that parameters characterizing such IRFs can be mapped to a corresponding set
of RLCM parameters for which generic identifiability holds up to label swapping (Gu and
Xu (2020)). A formal statement for Proposition 1, definition of generic identifiability, and
detailed proofs are provided in the Supplementary Material (Cárdenas-Hurtado et al. (2026)).
While Proposition 1 does not directly address generic identifiability of 𝚺, we show that the
induced distribution of the latent classes under 𝚺 in the RLCM representation is generi-
cally identifiable (see Proposition S1 in the Supplementary Material, Cárdenas-Hurtado et al.
(2026)).

An approximate marginal log-likelihood can be written as

(5)

ℓ(𝚯𝜿) =
N∑︂

i=1

log

(︄∫︂
[0,1]K

J∏︂
j=1

πj (U;𝜶j , 𝜽 j ,𝜿)yij

× (︁
1 − πj (U;𝜶j , 𝜽 j ,𝜿)

)︁1−yij dD(U;𝚺)

)︄
,

where 𝜶j = (αjk : k = 1, . . . ,K)⊤ and 𝜽 j = (𝜽 jk : k = 1, . . . ,K)⊤ are the weights and pa-
rameters in the sieve approximation of the IRF for item j , given by πj (U;𝜶j , 𝜽 j ,𝜿) =
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∑︁K
k=1 αjkqjkg

s
jk(Uk; 𝜽 jk,𝜿), D(U;𝚺) = D(U;0,𝚺) denotes the cumulative distribution

function for the Gaussian copula model for which the mean and covariance matrix satisfy
the constraints introduced in Section 3.2, and 𝚯𝜿 is introduced as a generic notation for the
vector of unknown parameters. For computational convenience, we parameterize 𝚺 through
its Cholesky decomposition 𝚺 = LL⊤, where L = (lkk′)K×K is a lower triangular matrix with
rows denoted by 𝒍⊤k . Thus, 𝚯𝜿 = (𝜶j , 𝜽 jk, 𝒍k : j = 1, . . . , J ;k = 1, . . . ,K)⊤. We include 𝜿
as a subscript to emphasize its dependence on the grid points.

Note that all the unknown parameters are subject to constraints. In particular, αjk and θjk,l

are nonnegative and 𝜶⊤
j 𝒒j = 1 and 𝜽⊤

jk1 = 1, where 1 is a vector of appropriate dimension

with all elements being 1. In addition, rows of L must satisfy ||𝒍k||22 = 1, where || · ||2 denotes
the Euclidean norm, to ensure 𝚺 is a positive definite correlation matrix. We denote the
constrained parameter space of 𝚯𝜿 by 𝚵𝜿 . We estimate 𝚯𝜿 by the sieve marginal maximum
likelihood estimator (SMMLE) that maximizes the approximate marginal log-likelihood,

(6) 𝚯̂𝜿 = arg max
𝚯𝜿∈𝚵𝜿

ℓ(𝚯𝜿).

REMARK 5 (Comment on the asymptotic consistency of SMMLE). We note that the
standard asymptotic theory for sieve estimators (Shen (1997)) is not directly applicable to the
SMMLE (6) under the conventional asymptotic regime where the number of items J is fixed
and the sample size N goes to infinity. This is because the data we consider here are binary.
As the individuals are assumed to be independent and identically distributed in our model, the
maximum number of parameters that can be estimated is 2J −1. When J is fixed, it is impos-
sible to estimate the infinite-dimensional functions consistently. As a large sample size is also
required to estimate nonparametric functions, this implies that the proposed model is more
suitable for large-scale data when both the number of items, J , and the sample size, N , are
large. In fact, we believe that it is possible to establish the consistency of the SMMLE under
a double asymptotic regime where both N and J grow to infinity, a setting commonly con-
sidered in the analysis of nonparametric item response theory models (Douglas (1997)) and
high-dimensional latent variable models (Chen, Li and Zhang (2020), Chen and Gu (2024)).
A plausible asymptotic regime requires N,J → ∞, and L → ∞ at a suitable speed relative
to both N and J to balance the bias-variance tradeoff in the estimation of the IRFs. Indeed,
from Remark 4, L growing at the same order of J is sufficient for generic identifiability, and
thus, under additional regularity conditions, for the consistency of the SMMLE. We leave a
formal derivation of the consistency result for future investigation.

REMARK 6 (Number of knots and their placement). Selecting the placement and number
of knots (L) is a complex combinatorial task that involves a trade-off between approxima-
tion quality and model complexity, and simplifications are, therefore, necessary in practice.
In this paper we fix both L and the knot positions using equally spaced, boundary-focused
grids. These choices serve different purposes and are guided by prior knowledge of the ex-
pected shapes of the IRFs from the simulation studies in Section 4 and the empirical appli-
cations in Section 5. In practice, researchers can choose L and the placement of knots fol-
lowing basic guidelines. Without a penalty term in the marginal log-likelihood, L becomes a
smoothing parameter to be tuned by addressing the bias-variance trade-off. From Remark 4,
L = ⌊(J − 1)/2K⌋ is the upper bound for the number of knots that preserves identifiability
of the GaPM-CDM; however, any L that grows no faster than the rate suggested in Re-
mark 5 is valid. Regarding knot placement, alternative grids can be constructed through a
bijective transformation m : (0,1) → (0,1), for example, the Beta(α,β) cumulative distribu-
tion function with both α and β larger than 1, whose output yields knots concentrated near the
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endpoints of the interval. This choice might produce more stable IRFs when the posterior dis-
tribution of latent attributes is concentrated near the boundaries. More generally, practitioners
may consider cross-validated adaptive or data-driven strategies for knot placement.

3.4. Computation. Solving the maximization problem (6) is computationally nontriv-
ial. There are two challenges. First, the approximate marginal log-likelihood involves a K-
dimensional integral in the K-dimensional cube. The computational complexity of a stan-
dard expectation-maximization (EM) algorithm (Dempster, Laird and Rubin (1977)) grows
exponentially fast with the latent dimension, which quickly becomes computationally infea-
sible when K ≥ 5. Second, the unknown parameters live in a constrained parameter space
𝚵𝜿 . Therefore, care must be taken to ensure that the updated parameters remain in 𝚵𝜿

at all times. To tackle both issues, we propose a stochastic-approximation mirror descent
(SA-MD) algorithm that combines the stochastic-approximation algorithms for latent vari-
able models (De Bortoli et al. (2021), Zhang and Chen (2022)) with mirror gradient de-
scent (Nemirovsky and Yudin (1983), Beck and Teboulle (2003)). This algorithm iterates
between two steps: (1) a stochastic-approximation (SA) step that constructs an approximate
stochastic gradient of ℓ(𝚯𝜿) by generating approximate samples of the latent variables from
their posterior distributions and (2) a mirror-descent (MD) step that updates 𝚯𝜿 using the
approximate stochastic gradient from the SA step within the constrained space 𝚵𝜿 . The
proposed algorithm scales linearly in N , J , and L, and quadratically in K , as opposed to
quadrature-based EM algorithms that depend exponentially on K . Due to space constraints,
we reserve technical and implementation details and computational complexity analysis of
the SA-MD algorithm to the Supplementary Material (Cárdenas-Hurtado et al. (2026)). The
proposed method has been implemented in the R package gapmCDM, available online at
https://github.com/ccardehu/gapmCDM.

REMARK 7 (Factor scores). The latent attributes for individual i are sampled from the
approximate posterior distribution U(t)

i ∼ f (U|yi;𝚯(t)
𝜿 ) at iterations t = 1, . . . , T of the pro-

posed SA-MD algorithm. Thus, the expected a-posteriori (EAP) factor scores can be com-
puted as the Polyak–Ruppert average Ûi = 1

T −ω

∑︁T
t=ω+1 U(t)

i , for all i = 1, . . . ,N , where
ω < T is a fixed burn-in period.

REMARK 8 (Model comparison). Standard methods for model comparison cannot be
applied to the proposed model. First, true parameters in the GaPM-CDM can live in the
boundaries (e.g., αjk can take values of 0 or 1), which violates standard conditions of the
likelihood ratio test (see also Chen, Moustaki and Zhang (2020)). Second, information criteria
are not well defined in the context of infinite-dimensional latent variable models. While the
sieve approximation uses JK(L+2)+K(K −1)/2 parameters, the effective dimensionality
(degrees of freedom) is lower due to the IRF shape and parameter constraints. Designing an
appropriate information criterion with a penalty function that accounts for the dimensionality
of the sieve approximations and their bias is nontrivial. For model comparison we use cross-
validation (CV) techniques with a focus on predictive performance on out-of-sample data.

4. Simulation studies. In what follows, we evaluate the proposed model via two simu-
lation studies. The first study concerns a confirmatory setting for which the Q-matrix and the
number of latent attributes are known. The proposed model is evaluated in terms of model
fitting and parameter estimation and further compared with the aPM-CDM. The second study
considers an exploratory setting where the Q-matrix is unknown. In this setting we examine
whether the attributes can be accurately measured without knowledge of the Q-matrix.

https://github.com/ccardehu/pmCDM
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4.1. Study I: Confirmatory setting.

4.1.1. Data generation. We present two simulation settings, one in which the data is
generated from an aPM-CDM and one from a GaPM-CDM. In both cases we consider a
fixed-length test with J = 20 items, two sample sizes N ∈ {1,000,3,000}, and number of
latent attributes K ∈ {3,5}. To make models comparable, latent attributes are generated from
a Gaussian copula with mean 𝝁 = 0K and correlation matrix 𝚺 = σ1K1⊤

K + (1 − σ)𝕀K ,
where 𝕀K is the K-dimensional identity matrix, for σ ∈ {0,0.7}. Thus, in total, we consider
16 simulation scenarios, eight per model. In each case we generate R = 100 datasets. The
Q-matrices used in this study are included in the Supplementary Material (Cárdenas-Hurtado
et al. (2026)).

When the data comes from the aPM-CDM, we set the guessing and slipping probabilities to
at most 0.2 on all IRFs. More specifically, we generate intercepts from δj0 ∼ Uniform(0,0.2)

and random slopes such that 1 − ∑︁K
k=1 δjkqjk ≤ 0.2 for all items. When the true data gener-

ating process is a GaPM-CDM, we set the weights to values such that
∑︁K

k=1 αjkqjk = 1 for
all items. For the IRFs we assume the true gjks to be one of the Beta(3,3), Beta(1/3, 1/3),
Beta(1,3), or Beta(3,1) cumulative distribution functions.

4.1.2. Evaluation criteria. For each simulated dataset, we fit the aPM-CDM and the
GaPM-CDM and compare them in terms of parameter estimates, IRFs, factor score recovery,
and model fit on unobserved data.

When the fitted model matches the true model (i.e., no model misspecification), we assess
parameter recovery using the mean squared error (MSE). Let ϑ ∈ 𝚯𝜿 denote a generic pa-

rameter under the GaPM-CDM and ϑ̂ (r) ∈ 𝚯̂
(r)

𝜿 its estimate for the r th replication. For the

aPM-CDM, we drop the subscript and write 𝚯 and 𝚯̂
(r)

for the true and estimated parame-
ters, respectively. The MSE is calculated as: MSE(ϑ̂) = 1

R

∑︁R
r=1(ϑ̂

(r) − ϑ)2. For simplicity,
we report the average MSE (AvMSE) across all items for δ̂jks in the aPM-CDM and α̂jks in
the GaPM-CDM such that qjk = 1 in the Q-matrix, along with the AvMSE for the vector of
free parameters in 𝚺̂ = L̂L̂⊤. For the aPM-CDM, we also report the AvMSE for the estimated
means 𝝁̂.

To evaluate IRF accuracy, we compute the integrated squared error (ISE),

ISE
(︁
π̂

(r)
j

)︁ =
∫︂
[0,1]K

(︁
π̂

(r)
j (U) − πℳ

j (U)
)︁2 dU, j = 1, . . . , J,

where π̂
(r)
j (U) denotes the estimated IRF for item j at replication r and πℳ

j (U) is the corre-
sponding true IRF under model ℳ ∈ {aPM-CDM, GaPM-CDM}. When the estimated model
is the GaPM-CDM, we write ISE𝜿(π̂

(r)
j ) to emphasize the dependence of the approximation

on the grid points. We report the average ISE (AvISE) across items and replications.
Lastly, for each k = 1, . . . ,K , we compare latent attribute recovery by computing Spear-

man’s rank correlation between the EAP scores from the r th replication and the true scores.
We denote this correlation by Ck . The average rank correlation (AvC) across latent attributes
and replications is reported.

To compare model fit, we compute the difference between marginal log-likelihoods of
the GaPM-CDM and aPM-CDM evaluated on data not used in the estimation process. More

specifically, after computing 𝚯̂
(r)

𝜿 for the GaPM-CDM and 𝚯̂
(r)

for the aPM-CDM, we gen-
erate 500 new observations from the true model and evaluate the corresponding marginal log-

likelihoods ℓ(𝚯̂
(r)

𝜿 ) and ℓ(𝚯̂
(r)

) as in (5) but on the new sample. An importance sampling
approach for computing the marginal log-likelihood is described in the Supplementary Mate-

rial (Cárdenas-Hurtado et al. (2026)). The difference D(r) = ℓ(𝚯̂
(r)

𝜿 ) − ℓ(𝚯̂
(r)

) is then used
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TABLE 1
Simulation Study I (true model aPM-CDM). The AvMSE, AvISE, and AvC have been multiplied by 100 to allow

for better numerical comparison

Estimated model

aPM-CDM

AvMSE GaPM-CDM

σ K N 𝜹̂j σ̂kk′ 𝝁̂ AvISE AvC AvISE𝜿 AvC𝜿 D̄

0.0 3 1,000 0.48 13.19 1.90 0.16 76.12 0.40 75.60 −4.25
3,000 0.20 3.68 0.59 0.07 76.35 0.21 76.16 −1.72

5 1,000 0.82 18.06 6.78 0.32 65.26 0.47 65.07 −0.98
3,000 0.31 4.12 2.63 0.14 66.09 0.26 66.01 −0.18

0.7 3 1,000 0.89 10.05 1.13 0.25 83.30 0.50 82.90 −7.79
3,000 0.34 2.76 0.39 0.10 83.67 0.23 83.50 −3.75

5 1,000 1.66 14.20 3.02 0.49 79.55 0.61 79.25 −9.53
3,000 0.59 4.11 0.81 0.17 80.34 0.27 80.23 −2.97

for model comparison. If D(r) > 0, the GaPM-CDM has a better fit on new data at replication
r than the aPM-CDM. The opposite is true if D(r) < 0, and D(r) ≈ 0 implies similar fit. We
report the average marginal log-likelihood difference D̄ across all replications. As discussed
in Remark 8, we use this measure of model fit because the GaPM-CDM and the aPM-CDM
are not directly comparable due to the complex parametrization of the GaPM-CDM.

4.1.3. Results. The aPM-CDM and GaPM-CDM were estimated using the SA-MD al-
gorithm in Section 3.4. When the data is generated from the aPM-CDM, in the GaPM-
CDM we use knots 𝜿0 = (0.05,0.1,0.2, . . . ,0.9,0.95)⊤ for which the added grid points
near the boundary allow for better approximation of IRFs with guessing and slipping prob-
abilities. When the data follows a GaPM-CDM, we use a set of equally spaced knots
𝜿1 = (0.05, . . . ,0.95)⊤. Further details on the selection of tuning parameters and initial val-
ues are given in the Supplementary Material (Cárdenas-Hurtado et al. (2026)).

Table 1 shows that when the true data generating process follows an aPM-CDM, the
GaPM-CDM can still perform relatively well, not far behind the aPM-CDM. The AvISE for
the GaPM-CDM is not much higher than that of the aPM-CDM, and while the differences
between marginal log-likelihoods on new data are on average negative across all simulation
settings, the value of D̄ is not large. Moreover, comparing the AvC across models suggests
that the GaPM-CDM recovers latent attributes and individual rankings just as well as the
aPM-CDM. We conclude that, under model misspecification, the GaPM-CDM has slightly
less generalization power and is less efficient than the aPM-CDM in terms of IRF and latent
attributes recovery, but the gap between models is not large.

However, when data are generated from a GaPM-CDM, the aPM-CDM is highly misspec-
ified, as suggested by the results in Table 2. Comparison of the AvISE and AvC between the
GaPM-CDM and aPM-CDM show how the latter fails to recover the true IRFs and the latent
variables scores. Moreover, the values of D̄ are significantly larger than zero, suggesting a
high impact of model misspecification in the aPM-CDM on generalizability to out-of-sample
data, particularly when the latent attributes are correlated.

4.2. Study II: Exploratory setting. This simulation study extends the previous one by fit-
ting exploratory GaPM-CDMs (i.e., assuming the Q-matrix is unknown) when the data is
generated from the GaPM-CDM. Data generation details are the same as before. The simu-
lation exercise consists of R = 100 replications.
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TABLE 2
Simulation Study I (true model GaPM-CDM). The AvMSE, AvISE, and AvC have been multiplied by 100 to allow

for better numerical comparison

Estimated model

GaPM-CDM

aPM-CDM AvMSE𝜿

σ K N AvISE AvC 𝜶̂j σ̂kk′ AvISE𝜿 AvC𝜿 D̄

0.0 3 1,000 1.62 83.58 0.72 0.23 0.32 84.61 18.99
3,000 1.59 83.70 0.49 0.07 0.15 84.92 23.94

5 1,000 1.60 76.33 0.66 0.32 0.35 77.55 13.90
3,000 1.54 76.69 0.44 0.10 0.18 77.82 16.56

0.7 3 1,000 1.59 88.11 1.71 0.14 0.48 89.09 53.53
3,000 1.48 88.29 0.83 0.04 0.20 89.42 60.89

5 1,000 1.96 83.76 2.10 0.31 0.57 85.92 51.26
3,000 1.81 84.06 0.97 0.10 0.24 86.39 55.57

4.2.1. Evaluation criteria. We report the same evaluation criteria as before. This time,
however, we do not consider the information encoded in the Q-matrix when computing such
metrics. That is, the AvMSE is computed over all estimated weights 𝜶̂j and not only over
those indicated to be positive by the Q-matrix. Similarly, the AvISE includes the contribution
of estimated functions ĝs

jk for which qjk = 0 in the true IRF. This also applies to the recovered
factor scores, and thus a similar caveat holds for the AvC. Therefore, the AvMSE, AvISE, and
AvC for the exploratory GaPM-CDMs should reflect the lack of information, if any, coming
from not incorporating the design of the Q-matrix into the measurement model. The results
discussed below hold up to a permutation of the ordering of the latent attributes, adjusting the
columns of the estimated weights and the rows and columns of the latent variables correlation
matrix accordingly.

4.2.2. Results. We fit two exploratory GaPM-CDMs on each simulated data set, one
using knots 𝜿1 from Study I and the other using a coarser set of evenly spaced knots
𝜿2 = (0.1, . . . ,0.9)⊤. Results in Table 3 show that exploratory GaPM-CDMs do not per-
form significantly worse than the confirmatory model, even without the information from
the Q-matrix. The AvMSE for weights and factor correlations is comparable across models,
sometimes smaller in the exploratory models, and according to the AvISE and AvC, there
is little loss of information in exploratory settings for IRF and latent attribute recovery. The
average difference between the marginal log-likelihoods on the test data is negative in most
cases, but the gap closes as the sample size increases. Our simulation results align with the
discussion in Remark 4 on GaPM-CDM identifiability in the exploratory case. We can recover
IRFs and, more importantly, factor scores, when the Q-matrix is unavailable or unreliable.

5. Real data applications. We present results of the GaPM-CDM for the two motivating
case studies. The first one is confirmatory, using the ECPE dataset introduced in Section 2.1.
The second one is exploratory, using PROMIS data from Section 2.2.

5.1. English test data. The ECPE dataset contains responses for a sample of N = 2,922
individuals to J = 28 items evaluating three (K = 3) latent attributes, namely, knowledge of
morphosyntactic rules (Morph.), cohesive rules (Cohes.), and lexical rules (Lexic.) of the En-
glish language grammar. According to the Q-matrix, which can be found in Shang, Erosheva
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TABLE 3
Simulation Study II. Rows denoted by C𝜿⋆ and E𝜿⋆ correspond to the results for the confirmatory and

exploratory GaPM-CDMs with knots 𝜿⋆, respectively. The AvMSE, AvISE, and AvC have been multiplied by 100
to allow for better numerical comparison

σ = 0 σ = 0.7

K = 3 K = 5 K = 3 K = 5

N 1,000 3,000 1,000 3,000 1,000 3,000 1,000 3,000

AvMSE𝜿 (𝜶̂j ) C𝜿1 0.72 0.49 0.66 0.44 1.71 0.83 2.10 0.97
E𝜿1 0.61 0.39 0.56 0.36 1.68 0.85 3.30 0.96
E𝜿2 0.60 0.39 0.56 0.35 1.65 0.84 3.30 0.94

AvMSE𝜿 (σ̂kk′) C𝜿1 0.23 0.07 0.32 0.10 0.14 0.04 0.31 0.10
E𝜿1 0.35 0.16 0.57 0.27 0.82 0.49 2.50 2.07
E𝜿2 0.36 0.17 0.57 0.27 0.95 0.59 2.86 2.20

AvISE𝜿 C𝜿1 0.32 0.15 0.35 0.18 0.48 0.20 0.57 0.24
E𝜿1 0.38 0.19 0.54 0.34 0.65 0.30 1.95 0.58
E𝜿2 0.40 0.20 0.56 0.35 0.67 0.31 1.99 0.59

AvC𝜿 C𝜿1 84.61 84.92 77.55 77.82 89.09 89.42 85.92 86.39
E𝜿1 84.39 84.80 76.99 77.54 88.74 89.25 83.54 85.56
E𝜿2 84.41 84.79 77.01 77.54 88.72 89.22 83.34 85.50

D̄(C𝜿1 vs.) E𝜿1 −2.74 −1.10 −6.71 −2.27 −1.51 0.08 −14.69 −2.80
E𝜿2 −2.51 −1.00 −6.47 −2.20 −1.22 −0.07 −14.92 −2.66

and Xu (2021), 19 items measure a single attribute and nine measure two attributes. No item
requires all three attributes. In the current analysis, the Q-matrix is assumed to be known and
incorporated in the models.

We apply the GaPM-CDM, aPM-CDM, ACDM, and GDINA models to the data. For the
GaPM-CDM, we use knots 𝜿1 = (0.025,0.05,0.1,0.2, . . . ,0.9,0.95,0.975)⊤, where the ad-
ditional knots near the boundaries allow for modeling IRFs with guessing and slipping prob-
abilities. Details on tuning parameters and initial values are discussed in the Supplementary
Material (Cárdenas-Hurtado et al. (2026)). As in Simulation Study I, we compare the general-
ization power of these models by computing the difference between marginal log-likelihoods
on unobserved data. In this case we perform a cross-validation (CV) exercise in which the
observed data is randomly split into training (80%) and testing sets (20%). At the r th CV
replication, we fit the models to the training data and evaluate the marginal log-likelihood
on the test data. We then compute the difference D(r), as defined earlier, for r = 1, . . . ,100.
Model comparison is based on the average difference D̄ across all CV replications. The
average marginal log-likelihood difference between the GaPM-CDM and the aPM-CDM is
D̄ = 1.99 (with (0.60,3.37) as the 95% confidence interval), showing that the GaPM-CDM
with knots near the boundary performs better than the aPM-CDM in terms of out-of-sample
prediction.

In what follows, we discuss the estimation results of the GaPM-CDM with knots 𝜿1 on
the full dataset. Figure 2 shows some examples of the estimated monotone functions ĝjk(Uk)

and the corresponding IRF surfaces π̂j (U). These items were selected from those that require
two latent attributes according to the Q-matrix. For instance, item 1 (Figure 2a) has a high
guessing probability at the lower end of the Morph. and Cohes. scales, with comparable
contributions from both attributes (α̂1,M = 0.50 and α̂1,C = 0.50). The IRF then increases in
Morph. and Cohes., with high probabilities of correct response across the full range of both
attribute values.
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FIG. 2. Estimated weights (α̂jk ), estimated monotone functions (ĝjk(Uk)), and estimated IRF surface (π̂j (U))
under the GaPM-CDM, for selected items 1, 3, and 12 in the ECPE dataset.

The estimated functions ĝ3,M and ĝ3,L (Figure 2b) indicate that item 3 has high guess-
ing and moderate slipping probabilities, consistent with benchmark model estimates. Unlike
these models, the GaPM-CDM captures the nonlinear relationships between latent attributes
and response probabilities. The estimated weights (α̂3,M = 0.93 and α̂3,L = 0.07) show that
the IRF surface π̂3(U) is driven mainly by Morph., with low contribution from Lexic., fur-
ther suggesting possible misspecification in the corresponding row of the Q-matrix. Item 12
(Figure 2c) shows low guessing and moderate slipping probabilities. The estimated functions
ĝ12,M and ĝ12,L (and corresponding weights α̂12,M = 0.47 and α̂12,L = 0.53) yield a highly
nonlinear IRF surface with low response probabilities for Morph. and Lexic. below 0.5, rising
above that threshold.

Table 4 shows the estimated covariance and correlation matrices of the latent attributes
for the aPM-CDM and the GaPM-CDM, respectively. The diagonal entries of the covariance
matrix are close to one and the estimated means for the Gaussian copula in the aPM-CDM
are all relatively small. For comparison, we also present the correlations for the aPM-CDM
(above diagonal) and the means in the 0–1 scale. Figures showing the estimated EAP factor
scores are included in the Supplementary Material (Cárdenas-Hurtado et al. (2026)). The
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TABLE 4
Estimated covariance (for aPM-CDM) and correlation (for GaPM-CDM) matrices for the latent attributes.

ECPE dataset. †Entries in italics above the diagonal are correlations in aPM-CDM. ‡Underlined entries are
fixed parameters in the GaPM-CDM

aPM-CDM† GaPM-CDM‡

Morph. Cohes. Lexic. Morph. Cohes. Lexic.

Morph. 1.26 0.79 0.88 1.0 0.83 0.86
Cohes. 0.92 1.09 0.82 1.0 0.82
Lexic. 0.98 0.85 0.97 1.0

𝝁̂ −0.37 0.42 0.82 0 0 0
𝝁̂ (0–1 scale) 0.36 0.66 0.79 0.5 0.5 0.5

scatterplots for the aPM-CDM factor scores are consistent with those in Shang, Erosheva and
Xu (2021). While factor scores for the GaPM-CDM are constrained by the fixed means in
the Gaussian copula, the factor scores produced by the two models are largely consistent in
terms of their rank order, with Spearman’s rank correlations of 0.99 for all three attributes.

5.2. Patient-reported outcomes. We analyze a subsample from wave 1 of PROMIS, con-
sisting of N = 737 nonclinical patients who responded to all the items. The median age for
the respondents in our sample is 51 (min = 18, q25 = 39, q75 = 64, max = 87), and sex was
evenly distributed (49.9% male, 50.1% female). Observed responses were originally mea-
sured on a five-point Likert scale and were positively oriented (i.e., higher values mean better
social role performance, SRPPER). However, for the purpose of this paper, we dichotomized
the original responses.1 We apply the GaPM-CDM and aPM-CDM to this dataset under an
exploratory setting.

We first learn the number of attributes using cross-validation, as follows. Let the num-
ber of latent attributes K iterate over a set of candidate values 𝕂 = {1, . . . ,7}. For a
given K , we randomly split the observed data into training (80%) and testing (20%) sets
r = 1, . . . ,R = 100 times. At each replication, we fit both aPM-CDM and GaPM-CDM on

the training data to obtain the (S)MMLEs 𝚯̂
(r)

and 𝚯̂
(r)

𝜿 , respectively, and then we evalu-
ate the marginal log-likelihood on the testing data. The cross-validation “error” for a given

K is then computed as CVE(K) = 1
R

∑︁R
r=1 ℓ(𝚯̂

(r)
) for the aPM-CDM and CVE𝜿 (K) =

1
R

∑︁R
r=1 ℓ(𝚯̂

(r)

𝜿 ) for the GaPM-CDM. For each model, we select the latent dimension by

K̂ = arg maxK∈𝕂{CVE(K)}, giving K̂ = 5 in both cases (Figure 3). An important result
is that the GaPM-CDM fits the testing data better than the aPM-CDM across all potential
dimensions of the latent attribute space. The small standard errors relative to the test-data
log-likelihood values suggest model stability across folds and latent dimensionality K . For
the selected K̂ , we fit the models to the whole dataset with knots 𝜿 = (0.05, . . . ,0.95)⊤ and
discuss results below. Implementation details and sensitivity analysis to the number of knots
are reserved for the Supplementary Material (Cárdenas-Hurtado et al. (2026)).

In the absence of a design Q-matrix, model interpretation is based on the recovered struc-
ture of the matrix of estimated weights with rows 𝜶̂⊤

j for all 56 items and the estimated
correlation matrix in the Gaussian copula model for the five latent attributes. Figure 4 shows

1Values greater than or equal to 4 in the original five-point Likert scale were assigned a value of 1, and 0
otherwise. This cutoff point produced items with balanced classes. A robustness check using 3 as the cutoff point
produced similar results when selecting K but produced more imbalanced items.
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FIG. 3. Cross-validation test-data marginal log-likelihood for the GaPM-CDM (solid line, ) and aPM-CDM
(dashed line, ). Error bars correspond to the standard error of the average test-data marginal log-likelihood
for each level of K = 1, . . . ,7.

a sparse (transpose) matrix of estimated weights, which allows for clear interpretation of the
recovered latent attributes. We implement an arbitrary permutation of the items and the la-
tent attributes for better visualization. Most items mostly measure one of the latent attributes,
while a small subset of them are related more than one.

The first attribute (U1) is measured by items associated with personal and social leisure
functioning. Questions loading on this attribute relate to the patient’s perceived capacity to
engage in recreational and community activities, particularly with friends, and to fulfil social
roles and responsibilities. Some examples of items with large contributions are SRPPER20
(“I am able to do all of the activities with friends that are really important to me”), SRP-
PER45 (“I can keep up with my social responsibilities”), and SRPPER50 (“I am able to do
all of the community activities that are really important to me”).

The second latent attribute (U2) focuses on the individual’s perceived personal and social
leisure functioning capacity. Items with large estimated weights on this attribute are mostly
negatively worded questions on restrictions, constraints, or barriers that affect their degree
of autonomy, freedom, and satisfaction about their ability to engage in personal leisure and

FIG. 4. Matrix of estimated weights (transposed) for the K̂ = 5 dimensional GaPM-CDM on the PROMIS
dataset.
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recreational activities. Recall that negatively worded items have already been reverse-coded
in the data, meaning that high scores on these items are associated with higher personal
and social leisure functioning. However, the emergence of two attributes (U1 and U2) about
essentially the same construct of social function reflects the nuance of item wording. Some
examples of items measuring this latent attribute are SRPPER29 (“I have to do my hobbies
or leisure activities for shorter periods of time than usual (Reversed)”) and SRPPER41 (“I
have to limit my hobbies or leisure activities (Reversed)”).

The third recovered latent attribute (U3) is related to the individual’s perceived family
and household role functioning capacity. Items loading on this latent attribute are negatively
worded questions on the person’s restrictions in fulfilling personal and domestic roles, includ-
ing time and capacity limitations. As before, items were reverse-coded so higher scores on
these items reflect higher family and household role functioning. Note how some items load
similarly on U2 and U3, revealing close similarities between latent constructs and reflecting
the nuance of item wording. Some examples include items SRPPER30 (“I feel limited in my
ability to visit relatives (Reversed)”), SRPPER56 (“I feel limited in the amount of time I have
to visit relatives (Reversed)”).

The fourth latent attribute (U4) can be interpreted as the individual’s work functioning,
broadly defined to include both formal employment and domestic labor. Items weighing
heavily on this dimension reflect the individual’s perceived ability and limitations in meeting
work-related expectations and responsibilities. Some examples include items SRPPER06 (“I
am accomplishing as much as usual at work, including work at home”), SRPPER23 (“I am
able to do all of my usual work, including work at home”), and SRPPER47 (“I can keep up
with my work responsibilities, including work at home”).

The underlying concept of the fifth latent attribute (U5) is family role functioning. This
dimension concerns the individual’s perceived ability to engage in and fulfil family-related
obligations and activities. Items with large estimated weights include SRPPER10 (“I am able
to do all of my regular family activities”) and SRPPER05 (“I can do everything for my family
that I feel I should do”). Similarly, the presence of two attributes (U3 and U5) that essentially
describe the same construct, family role function, reflects the influence of item wording.

The recovered latent attributes are highly correlated, as reported in Table 5. This explains
why some items load on more than one attribute. Indeed, closer inspection reveals how these
items involve social role performance in areas that overlap with the identified attributes. For
example, item SRPPER33 (“I am able to run errands as much as usual”) loads on personal
and social leisure (U1 and U2), work (U4), and family (U5) functioning capacity, and item
SRPPER53 (“I am able to do all of the work that people expect me to do, including work
at home”) measures the individuals’ work (U4) and family role (U5) functioning, while also
tapping into the personal and social leisure functioning (U1) dimension.

TABLE 5
Estimated correlation matrix for the five recovered latent attributes. PROMIS dataset. Underlined entries are

fixed parameters in the GaPM-CDM

U1 U2 U3 U4 U5

U1 1.0 0.78 0.76 0.75 0.86
U2 1.0 0.76 0.73 0.69
U3 1.0 0.61 0.68
U4 1.0 0.83
U5 1.0
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6. Discussions. This paper presents a semiparametric extension of the PM-CDM pro-
posed by Shang, Erosheva and Xu (2021) and further develops a sieve-based estimator for
model estimation and a stochastic optimization method for its computation. Simulation stud-
ies and two real data examples demonstrate that the proposed model is more flexible than its
parametric counterpart and yields better fits to the data. In particular, Simulation Study II and
the application to PROMIS data suggest that the GaPM-CDM is identifiable in exploratory
settings with no prior knowledge of the Q-matrix of the item-attribute relationship, thereby
substantially expanding the scope of PM-CDMs in their applications.

We focus on binary item responses. However, other response types may appear in cognitive
diagnosis, including ordinal responses, continuous responses such as response times, and
count-valued responses from tests with repetitive tasks or eye-tracking sensors. We believe
that a general framework of GaPM-CDMs can be developed for different types of multivariate
responses by extending the parametric framework of Lee and Gu (2024). For example, for
ordinal responses we can model the conditional probabilities of adjacent categories with the
monotone generalized additive form that we introduced in the current model.

Many CDMs and PM-CDMs model interactions among attributes, which may be useful
for uncovering the complex psychological processes underlying item responses. We antic-
ipate that it is possible to incorporate interaction terms semiparametrically into the current
framework. However, the identifiability of such a model is more complicated, and additional
constraints are required on the model parameters during parameter estimation. We leave it for
future investigation.

Finally, some theoretical properties of the GaPM-CDM still need to be established. In
particular, we provided only sufficient conditions for generic identifiability and discussed
heuristic guarantees of the estimator’s consistency. As discussed earlier, conditions for model
identifiability and additional consistency results can be derived only under the nontrivial
double-asymptotic regime, where both J and N grow to infinity. Several challenges arise
in this setting. First, the dimension of the parameter space grows together with J for which
many asymptotic tools are not directly applicable. Second, the marginal likelihood is difficult
to analyze, as it involves integrals that are analytically intractable. Third, the model involves
infinite-dimensional functions that are approximated by a set of basis functions. Fourth, the
true parameters may lie on the boundaries of the parameter space. Deriving a new information
criterion with a penalty function that accounts for the dimensionality of the sieve approxima-
tions and their bias is also of interest, but left for future investigation.

Significance statement. Diagnostic assessments in education, psychology, or healthcare
aim to quantify individuals’ skills or attributes across multiple latent dimensions—such as
language skills, cognitive abilities, or functional capacities—based on their responses to a set
of test items. Existing models, known as cognitive diagnosis models, impose strong paramet-
ric assumptions on how and which attributes relate to item responses. This can result in biased
measurement when modeling assumptions are violated. This paper proposes a generalized ad-
ditive partial-mastery cognitive diagnosis model that replaces parametric item response func-
tions with flexible, nonparametric functions. The proposed model uses nonnegative weights
to indicate which items depend on specific attributes, thereby avoiding misspecified design
matrices. We present applications using data from an English proficiency examination and
a patient-reported outcomes study on social-role performance. Our model reveals nonlinear
relationships between latent attributes and item responses that parametric models cannot cap-
ture, achieves better out-of-sample predictive performance, and recovers interpretable latent
structures in exploratory settings where the item–attribute relationships are unknown.
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SUPPLEMENTARY MATERIAL

Supplementary material for: ‘A generalized additive partial-mastery cognitive diag-
nosis model’ (DOI: 10.1214/26-AOAS2222SUPPA; .pdf). Supplementary material includes
a discussion on the boundary behavior of GaPM-CDM IRFs in Section A, implementation
and technical details for the proposed stochastic-approximation mirror descent (SA-MD) al-
gorithm in Section B, details on the importance sampling algorithm used for computing the
marginal log-likelihood in Section C, implementation details of the simulation studies in
Section D, and further details on the empirical applications and link to replication codes in
Section E. Section F provides theoretical results on model identifiability.

Supplement to “A generalized additive partial-mastery cognitive diagnosis model”
(DOI: 10.1214/26-AOAS2222SUPPB; .zip). Supplementary information.
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